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ABSTRACT
The effect of halo substructures on galaxy rotation curves is investigated in this paper using a simple
model of dark matter clustering. A dark matter halo density profile is developed based only on the
scale free nature of clustering that leads to a statistically self-similar distribution of the substructures
at galactic scale. Semi-analytical method is used to derive rotation curves for such a clumpy dark
matter density profile. It is found that the halo substructures significantly affect the galaxy velocity
field. Based on the fractal geometry of the halo, this self-consistent model predicts an NFW-like
rotation curve and a scale free power spectrum of the rotation velocity fluctuations.
Subject headings: dark matter — galaxies: dwarf — galaxies: general — galaxies: ISM — galaxies:
structure — ISM: kinematics and dynamics
1. INTRODUCTION
Observational and theoretical studies of galaxy rota-
tion curves (Rubin & Ford 1970), velocity dispersions
of elliptical galaxies (Faber & Jackson 1976), baryon
fraction in clusters (Clowe et al. 2006; Massey et al.
2007), gravitational lensing, structure formation, CMB
power spectrum etc. indicate that a significant frac-
tion of the mass of the Universe has no electromag-
netic interaction (Bertone et al. 2005). At galactic scale,
the main evidence for the existence of such gravitat-
ing matter with very high mass to light ratio comes
from observations of galaxy rotation curves. The
gravitational potential derived from the observed ro-
tation curve can not be explained only by the vis-
ible mass with any reasonable mass to light ratio
(Rubin & Ford 1970, 1980; Sofue 1996; Sofue & Rubin
2001; Spano et al. 2008). Though there are modified the-
ories of the gravitation and other suggestions (Milgrom
1983; Bekenstein & Milgrom 1984; Sanders 1986; Fahr
1990; Sanders 1997; Brownstein & Moffat 2006) to ex-
plain this anomaly, the dark matter concept is widely
accepted to be a simpler explanation of these observa-
tions. Though observations of galaxy rotation curves es-
tablished the existence of the dark matter at galactic
scale, there is no general agreement on the nature and
various properties (like mass distribution) of this major
constituent of the Universe (Navarro et al. 1996; de Blok
2005). Potentially, galaxy rotation curves can also shed
light on some aspects of the dark matter properties and
thus help us in deriving a better understanding of the
nature of the dark matter. One such key aspect is the
density profile or the mass distribution of the dark mat-
ter at galactic scale.
On the theoretical front, there are various mass dis-
tribution models of the dark matter halo. The isother-
mal profile, the Navarro-Frenk-White (NFW) profile and
some variant of these two profiles are used extensively in
both theoretical and observational studies. An almost
flat observed rotation curve outside the core of a galaxy
led to the dark matter halo model with 1/r2 isother-
mal density profile (Begeman et al. 1991; Burkert 1995).
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The density at the centre is not finite in this model.
However, it is possible to impose appropriate boundary
conditions to derive a non-singular solution with den-
sity ρ(r)NIS = ρ0r
2
c/(r
2
c + r
2), where ρ0 is the central
density and rc is the “core radius”. At large radius,
this profile will be similar to 1/r2 singular isothermal
profile. A cut-off radius rmax is also required to be im-
posed to keep the total mass of the halo finite. How-
ever, the non-singular isothermal profile was not very
successful in explaining the observed rotation curves. A
significant progress in the field was the introduction of
an alternative density profile, the NFW density profile,
ρ(r)NFW = ρ0r
3
c/[r(rc + r)
2], where ρc and rc are the
characteristic density and characteristic radius respec-
tively (Navarro et al. 1996, 1997; Jing 2000).
The NFW profile has been quite successful in explain-
ing the observed rotation curves for many galaxies. Over
the time, a class of variant of the isothermal and the
NFW profiles are also introduced to fine tune the agree-
ment of theory and observations (Burkert 1995; Zhao
1996; Fukushige & Makino 2001). All these density pro-
files are of more or less similar merit, as far as explaining
the rotation curve is concerned. However, detailed anal-
ysis shows that the NFW profile has a number of prob-
lems. For example, observations of galaxies and clus-
ters suggest a central flat density core (de Blok 2007;
Kuzio de Naray et al. 2008), whereas, in NFW profile,
dark matter density has a central cusp with a logarith-
mic slope ≈ −1. Numerical simulations show that the
presence of baryon can change the mass distribution sig-
nificantly (El-Zant et al. 2004; Shlosman 2010, and ref-
erences therein), and for isothermal cusp, minor merger
and dynamical friction may lead to a shallower central
density slope (Romano-Dı´az et al. 2008). The NFW pro-
file also seems not to fit the observed rotation curves of
the dark matter dominated low surface brightness galax-
ies and low mass dwarf galaxies (de Blok 2002, 2005).
A more serious issue with the NFW profile is that the
profile is derived by fitting analytical function to the
density distribution derived from numerical simulation
of structure formation with dark matter. This, in a
sense, lacks a proper physical understanding. Though
some physical insight of the NFW profile have recently
2come from further high resolution dark matter simula-
tions (e.g., Taylor & Navarro 2001), the issue is far from
being settled. Moreover, even if these cosmological sim-
ulations are very successful on large scale, at galactic
scale there are unsolved issues, like the “angular momen-
tum problem” (Sommer-Larsen, Gelato & Vedel 1999;
Sommer-Larsen & Dolgov 2001; Burkert & D’Onghia
2004) or the “missing satellite problem” (Klypin et al.
1999; Moore et al. 1999), which are yet to be addressed.
Here, we have developed a self-consistent model of the
dark matter halo substructure distribution at galactic
scale to explain observed NFW-like rotation curves. Sup-
port for the existence of dark matter substructures has
mainly come from numerical simulations (Giocoli et al.
2008; Madau et al. 2008; Springel et al. 2008; Elahi et al.
2009a; Ludlow et al. 2009). But, there are strong obser-
vational hints like flux anomalies and time delays in grav-
itational lensing (Chen 2009; Keeton & Moustakas 2009;
Vegetti & Koopmans 2009; Xu et al. 2009), or enhanced
gamma rays and leptonic cosmic rays (Elahi et al. 2009b;
Pinzke et al. 2009), indicating the presence of substruc-
tures. The present model is based on the assumption
of a scale free nature of the dark matter clustering that
leads to a statistically self-similar distribution of the halo
substructures at galactic scale. It is shown that a sim-
ple fractal model of the dark matter halo substructure
predicts an NFW-like rotation curve. Such a model also
predicts a scale free power spectrum of the rotation ve-
locity fluctuations. The model is described in Section 2,
and the results are presented in Section 3. Possible limi-
tations of our analysis are discussed in Section 4. Finally,
we summarize and present our conclusions in Section 5.
2. THE MODEL
2.1. Assumptions, Parameters and Constraints
Assuming that the dark matter clustering has a scale
free nature (i.e., there exist halo substructures of a wide
range of mass), the density profile can be described as
a combination of a smooth radial profile ρ(r/rc) and a
stochastic part δρ. Here rc is a characteristic “core”
radius and ρ contains information of the density vari-
ation at scales larger than or comparable to rc. For the
purpose of this work, we have used a simpler model of
this density distribution which, however, retains all rel-
evant key features. In this simplified model, we have
assumed that each dark matter clump has a number of
smaller clumps around it. Each of these smaller clumps
are in turn just a scaled down version with even smaller
clumps around them. As a result, the whole structure
has an approximate spherical symmetry and a statistical
self-similarity. It is assumed here that all these clumps
have non-singular isothermal density profile where the
central density (ρ0), the core radius (rc), the cut-off ra-
dius (rmax) and the halo to subhalo distance (D) are
scaled down accordingly. However, this specific density
profile is not a crucial assumption in our model and the
individual substructures may have any non-singular den-
sity profile ρ(r/rc), where rc is some characteristic ra-
dius. Essentially, this is a fractal structure with three
parameters: (i) n, the number of small clumps around
any clump, (ii) fr, spatial scaling factor for core radius,
cut-off radius and distance and (iii) fρ, central density
scaling factor between any clump and its next smallest
clumps. A fractal is a fragmented and irregular geometri-
cal shape with exact or stochastic self-similar structures
at all scales (Mandelbrot 1983). Independent of the value
of fr and n, the (Hausdorff) fractal dimension of such a
structure is 3 for nf3r < 1. However, since at each iter-
ation, the linear size of clumps scales by a factor fr and
the mass scales by a factor n, the local mass dimension
for any substructure level is Dm = −log(n)/log(fr) over
a certain range of scales. A mass dimension of Dm for
a medium implies that the mass enclosed in a sphere of
radius r in such a medium will be M(r) = krDm . So,
for the N th substructure level, MN(r) = kNr
Dm over a
range of scales depending on N , n, fr, D and rmax. Note
that this range is different for different substructure lev-
els. Hence, for the complete structure, the total mass
M(r), which is the sum of MN (r) of all the substructure
levels, will not have a simple power law radial depen-
dence. But, the dark matter halo mass function will still
be a power law, N(m) ∝ m−α, where the power law
index α = −log(n)/log(f3r fρ) is a more physically mo-
tivated parameter of this model and can be constrained
from theoretical and numerical analysis of dark matter
structure formation (Gao et al. 2004; Zemp et al. 2009).
The density distribution can be written as
ρ(r) = ρbg +
∞∑
i=0
ni∑
j=1
ρs(ρ0,i, rc,i, rmax,i, ~ri,j) (1)
where ρbg is background density and
ρs(ρ0,i, rc,i, rmax,i, ~ri,j) is density profile of individ-
ual substructure centred at ~ri,j with central density
(ρ0,i), core radius (rc,i) and cut-off radius (rmax,i).
Considering the self-similarity of this model,
ρ0,i = fρ × ρ0,i−1
rc,i = fr × rc,i−1
rmax,i = fr × rmax,i
~ri,j = ~ri−1,k + (fr ×Di−1 × ~d) (2)
where k = ni−1, ~d is a unit length vector with
random orientation and the initial set of parameters
ρ0,0, rc,0, rmax,0 = ρ0, rc, rmax is for the largest subhalo
centered at the origin. In principle, ρbg may be a smooth
function of r. But, since we are assuming it to be a small
background density threshold, its effect on the final ro-
tation curve is not very significant. So, for simplicity, we
have assumed ρbg to be constant over the radius of our
interest. This structure is shown schematically (without
any randomness for the shake of clarity) in the left panel
of Figure 1. After introducing randomness in angular
position of the subhalos, one realization of such a struc-
ture with n = 7 and fr = 0.33 is shown with two and
four substructure levels in the middle and right panel re-
spectively. This model can be considered as a simplified
representation of the scale free, clumpy density structure
of dark matter above a small threshold density at the
galactic scale.
We note that the parameters for this model are con-
strained to a good extent by various physical consider-
ations. Assuming that the structure is extended down
to the infinitely small scale, to avoid a divergence of
the total mass, the quantity nf3r fρ must be less than
unity. Similarly, for a halo with cut-off radius rmax, halo
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Figure 1. Left: Schematic representation of the halo substructure with three subhalos around any big halo. Note that both the cut-off
radius (rmax) and the halo to subhalo distance (D) are scaled down by a factor fr for each substructure level. Middle and Right Halo
substructure with seven subhalos around any big halo and with fr = 0.33. The middle and right panels show the structure with two and
four substructure levels respectively.
to subhalo distance D must be greater than or equal
to (1 − fr)rmax/(1 − 2fr) to avoid any overlap. Also
note that the density of any subhalo at the cutoff radius
ρ(rmax) scales as fρ. So, we adopt fρ = 1.0 for further
analysis to ensure a constant density at the cutoff radius
for all the substructures. In this simplified model, we
have assumed that all the parameters like D, ρ0, rmax
etc. are identical for all the subhalos for a particular sub-
structure level and n, fr and fρ remain constant for all
the levels. In a realistic situation, however, all these pa-
rameters may have some random variation. As a result
of these fluctuations, the halo mass function, the radial
mass distribution, and in turn, the rotation curves, are
expected to be somewhat smoother than that are pre-
dicted from this analysis.
2.2. Tidal stability
A much stronger constraint on the parameters comes
from the consideration of the stability of this structures
preventing tidal disruption by invoking self-gravity. Con-
sidering a rigid object of mass m and radius r at a dis-
tance d from a bigger object of mass M and radius R,
from the standard Roche limit consideration, D should
be ∼ r(2M/m)1/3 to avoid tidal disruption of the smaller
body. In the case of any halo and its immediate subhalo,
m/M = f3r and r/R = fr imply d ≈ 1.25R. For even
smaller subhalo structures with r/R = fkr , the mass is
scaled accordingly m/M = f3kr and d ≈ 1.25R assures
stability. Hence, a distance
D ≥ 1.25x
1− fr
1− 2fr
rmax (3)
will make the whole structure stable. Here x is a fudge
factor and we use the value of x = 1.1 to accommodate
non-rigid density clumps. For a given value of D, the
number of substructure n is also constrained to be
n ≤
4πD2
π(frD/1− fr)2
=
4(1− fr)
2
f2r
(4)
to avoid any possible overlap of subhalo structures.
2.3. Virial stability
A detailed virial stability analysis requires numerical
simulation of the dynamics of such a density distribution
to get the time-averaged dynamical quantities. But, a
simple ensemble average virial scaling analysis may be
used to constrain the central density ρ0 for a set of model
parameter. As the whole structure is assumed to have
an approximate spherical symmetry, average kinetic and
potential energies, 〈T 〉 and 〈V 〉, for thin spherical shells
of radius r and thickness δr will be
〈T 〉 =
1
2
mσ2DM =
1
2
4πr2δrρ(r)σ2DM
〈V 〉 = −
GM(r)m
r
= −v2c (r)4πr
2δrρ(r) (5)
where σDM is dark matter velocity dispersion, M(r) is
total mass within radius r and vc(r) = (GM/r)
1/2 is the
scale dependent virial velocity equivalent of the “circular
velocity” for rotating disk. Since the rotation curve has
a roughly constant value v0 at large radius, the ratio
2〈T 〉/|〈V 〉| will tend to the equilibrium value of 1 at large
radius if σDM ≈ v0. Using the minimum value forD from
equation (3), the maximum extent of the structure Rmax
will be D/(1− fr) and the average density will be
〈ρ〉 =
3(1− 2fr)
3(s− tan−1s)
(1.25xs)3(1− nf3r )
ρc (6)
where s = rmax/rc. Note, however, that this is a frac-
tal structure with significant porosity. So, the average
density of any individual clump is higher than 〈ρ〉 by a
factor of (1−nf3r )(Rmax/rmax)
3. Now, for global stabil-
ity of the whole structure, Rmax should be less than or
equal to the radius within which the virial equilibrium
is maintained. Average density within this virial radius
rvir or r200 should be ≈ 200 times more than the critical
density ρcrit = 3H
2/8πG. For a choice of model param-
eters n, fr, s and x, this will constrain the lower limit of
the central density ρ0 so that 〈ρ〉 & 200ρcrit. For indi-
vidual substructures, both mass and volume scale as f3r ,
keeping the average density constant. This implies that
stability for one substructure level ensures stability for
all other levels.
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Figure 2. Predicted rotation curve for the fractal substructure
model (black) and the best fit NFW profile to that (red). This
is for n = 35, fr = 0.25, fρ = 1.0 and rmax = 6.0rc. Rotation
curves for non-singular isothermal sphere with and without a cut-
off (green and blue curves respectively) as well as for NFW halo
(magenta curve) are also shown for a comparison. Radial distance
and rotation velocity are scaled by rc and v0 (rotation velocity at
the furthest radial distance) respectively.
3. RESULTS
3.1. Rotation curve
Since the halo density distribution is significantly
clumpy, the velocity field for such a system is also ex-
pected to have fluctuations at all scales. However, due to
approximate spherical symmetry of the clump distribu-
tion, the average rotation velocity over a spherical shell
at radius r will still be 〈vc(r)〉 ≈ (GMr/r)
1/2, where Mr
is the total mass within this radius. As pointed out in
subsection 2.3 using the virial stability argument, the
virial velocity or, equivalently, the “rotation” velocity is
expected to be approximately same as the local velocity
dispersion. This derived rotation curve for the fractal
model is found to be NFW-like at large radial distance.
At small radius, by construction, the rotation curve is ob-
viously exactly same as that of a non-singular isothermal
halo. This is shown in Figure 2. Radial distance is scaled
by rc and rotation velocity is scaled by v0, which is the
rotation velocity at the maximum radius plotted. The
black curve is the predicted rotation curve for the fractal
substructure model with n = 35, fr = 0.25, fρ = 1.0
and rmax = 6.0rc and the red line is the best fit NFW
profile to that. The background density threshold ρbg is
assumed to be negligible in this model. Rotation curves
for non-singular isothermal sphere with and without a
cutoff (green and blue curves respectively) as well as for
NFW halo (magenta curve) are also shown in Figure 2
for a comparison. The velocity scaling ensures that the
total mass encompassed by the maximum radius is same
for all models.
The effect of the background density threshold ρbg is
shown in Figure 3. Here, the rotation curve is evaluated
for different ρbg keeping all other parameters same as in
Figure 2. For scaling, we have used the density ρ(rmax)
at the cutoff radius rmax = 6.0rc. Different curves in
Figure 3 are for ρbg/ρ(rmax) = 0.00, 0.03, 0.10 and 0.30
(black, red, green and blue curve respectively). The gen-
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Figure 3. Predicted rotation curve for the fractal substructure
model for different background density threshold ρbg . All other
parameters are same as in Figure 2. Different curves are for
ρbg/ρ(rmax) = 0.00, 0.03, 0.10 and 0.30 (black, red, green and
blue curve respectively).
eral NFW-like nature of the rotation curve and the radial
fluctuations remain unchanged. But depending on the
value of ρbg, rotation curve at large radius may be rising,
flat or declining. Note that the derived rotation curves
shown in Figure 3 are with the simple model of a con-
stant ρbg. In reality, ρbg is expected to be decreasing with
increasing r, giving rise to a rotation curve somewhat in-
termediate between the extremes shown in Figure 3.
3.2. Velocity fluctuations
The predicted rotation curve due to the clustering of
dark matter subhalos is very similar to the observed rota-
tion curve and the empirical NFW rotation curve. How-
ever, unlike the NFW model with a smooth radial den-
sity distribution, the present model predicts a significant
fluctuation of rotation velocity in both angular and ra-
dial directions. Since the underlying density field, which
gives rise to this velocity fluctuations, is scale free, the
velocity fluctuation power spectrum is expected to be a
power law. Though the fractal model has many free pa-
rameters, the only relevant parameters for the index of
this power law are n and fr while the rest of them will
just introduce different multiplicative scaling. This pre-
diction can be easily verified from high spatial and spec-
tral resolution observation of neutral hydrogen of normal
galaxies. Note that part of this fluctuations will cancel
out for the spherically averaged rotation curve and hence
it is important to use the full velocity field to search for
such scale free fluctuations. It is also important to note
that fluctuations of the velocity field of the hydrogen gas
will have contributions from the local density perturba-
tions of the disk. But the scale dependence of these per-
turbations may makes it possible to disentangle the scale
free perturbations due to the halo substructures. There
is some indication of such a power law scaling of the
rotation velocity fluctuation power spectra from direct
observation and analysis of the H i 21 cm velocity field
of some nearby galaxy (Dutta et al. 2010). We leave a
more detailed treatment of this aspect to a future work.
54. DISCUSSION
Throughout this analysis we have assumed that the
clump distribution in this model has an approximate
spherical symmetry. This assumption is most likely to
be untrue in reality. Due to small count, bigger sub-
structures are more likely to cause departure from spher-
ical symmetry. In this situation, rotation velocity field
will also have strong azimuthal asymmetry. Observa-
tionally, about half of the spiral galaxies show some de-
gree of kinematical lopsidedness (Richter & Sancisi 1994;
Haynes et al. 1998; Swaters et al. 2008; Sofue & Rubin
2001; Jog & Combes 2009) which may originate from
tidal distortion partly due to deviation from spherical
symmetry of the underlying gravitational potential of the
lopsided dark matter halo (Chakrabarti & Blitz 2009;
Saha et al. 2008). Due to their large number, smaller
substructures are likely to have relatively more symmet-
rical distribution. So, the velocity fluctuations spectrum
is expected to show a power law scaling at large spa-
tial frequency (large k, i.e., small physical scale), and a
departure from power law at small k.
We have also assumed in this analysis that the baryons
will not significantly affect the galactic dynamics. How-
ever, some recent numerical studies (e.g. Weinberg et al.
2008; Romano-Dı´az et al. 2008, 2009) have shown that
the presence of baryons have effects like flattening the
central cusp, reducing the halo triaxiality, and intro-
ducing bias in clustering with environment density. Ef-
fectively, baryon dissipation may destroy the similar-
ity between different scales of clustering. However,
Romano-Dı´az et al. (2010) have found that phenomenon
like “efficient feedback from stellar evolution and the cen-
tral supermassive black holes” may counterbalance this
effect to some extent. On the other hand, Knebe et al.
(2010) have found no significant effect of baryonic physics
on properties like shape and radial alignment of substruc-
tures. Numerical simulations also suggest that, even in
the presence of baryons, the subhalo mass function re-
mains a power law though the power law index changes
from −0.99 to −1.13 (Romano-Dı´az et al. 2010). It is,
hence, important to keep in mind that, in a realistic sit-
uation, baryon dissipation may alter the velocity fluctu-
ations causing a significant departure from the scale free
velocity fluctuations.
We note that the key result of this analysis, that is
an NFW-like rotation curve for the fractal model, is
not crucially dependent on the exact density profile of
individual halos. A variety of density profile without
any central singularity (variant of non-singular isother-
mal sphere) will leads to a similar NFW-like rotation
curve. This strongly suggests that the clustering proper-
ties of the dark matter particles dominantly govern the
radial density profile of the halo. Finally, these assembly
of substructures will give rise to a flat NFW-like rota-
tion curve for normal galaxies. But, for more dark mat-
ter dominated low mass dwarf galaxies and low surface
brightness galaxies, depending on the exact form of the
non-singular density profile, the dominant contribution
of the central big halo may make the rotation curve for
such galaxies intrinsically different which is consistent
with observational results (de Blok 2002, 2005).
5. CONCLUSIONS
1. The dark matter halo substructures at galactic
scale is found to significantly affect the rotation
curve.
2. A self-consistent model of statistically self-similar
hierarchical dark matter substructures predicts an
NFW-like rotation curve, though each clump has
a non-singular isothermal density profile. This
NFW-like rotation curve emerges out of the frac-
tal geometry and is independent of specific density
profile of individual clumps.
3. The model predicts a scale free power spectrum
of the rotation velocity fluctuations which can be
observationally verified.
4. The model also provides some plausible explana-
tion of the observed intrinsic difference between the
dark matter halo density profile of normal galaxies
and dark matter dominated low mass dwarf galax-
ies and low surface brightness galaxies.
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